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1 Spin

1.1 Definition

In quantum mechanics spin is introduced as an observable defined via the vector operator s. These
(three) hermitean operators satisfy commutation relations

[si, 85] = iheijk sk, (1)

similar to the commutation relations for the angular momentum operator £ =  x p. The spin operators
s commute with the operators r and p and thus also with £. That’s it. All the rest follows from these
commutation relations.

1.2 Rotation invariance

Earlier we have seen that, without spin, rotation invariance required specific commutation relations with
£. In fact scalar quantities S and vectors V' under rotations behaved like

(i, Vj] = iheiji Vi, (3)
e.g. scalars S = r2, p2, r - p or £2 and vectors V = r, p or £.

Including spin vectors s, the notion of behavior under rotations has to be altered, e.g. [¢;, s;] = 0 and
[0;, €8] = —ihi (€ x s);. Tt is easy to see that the operator

j=L+s, (4)
satisfies
[jia S] =0, (5)

not only for the above examples, but now also for the vectors s and j and including scalars like s? and
£-s.

For a system of many particles the operators r, p and s for different particles commute. It is easy to
see that the operators

N N
L=>t, S=) s, J=>j,=L+85, (7)
n=1

n=1

satisfy commutation relations [L;, L;] = ih €k Ly, [Si,S;] = ifi€iji Sk, and [J;, J;] = ik €5 Ji, while
only the operator J satisfies

[Ji, S] =0, (8)
[Ji, V;] = iheiji Vi, (9)
for any scalar S or vector V.

It is easy to show that the inner product a - b of two vectors satisfying the commutation relation in
Eq. 9 indeed is a scalar quantity, satifying the commutation relation in Eq. 8.

An important property is that rotational invariance is one of the basic symmetries of our world.

Rotation invariance of a system of particles requires




Besides the behavior under rotations, also the behavior under parity is considered to classify quantities.
Vectors behave as PV P~' = -V, azial vectors as PAP™' = + A, a scalar S behave as PSP~! =
+S, and a pseudoscalar S behaves as P S’ P~' = —S’. Ezamples of specific quantities are

vector | azial vector scalar | pseudoscalar
r £ r? s-r
P s p° 5P
J e
£-s

The hamiltonian is a scalar quantity. Therefore, if we have parity invariance, combinations as s - r
cannot appear but a tensor operator of the form (s1-7)(s2-r) is allowed. Note, however, that such
an operator does not commute with £ (see Exc. 5.8).

1.3 spin states

As mentioned above, the commutation relations are all that defines spin. As an operator that commutes
with all three spin operators (a socalled Casimir operator) we have s* = s2 + SZ + 82,

[5i, 85] = ih e s, (11)
[s%,5;] = 0. (12)

Only one of the three spin operators can be used to label states, for which we without loss of generality

can take s.. In addition we can use s2, which commutes with s,. We write states ngl) = |s, m) satisfying

s%s,m) = h?s(s 4 1)|s, m), (13)
s.|s,m) = mh|s,m). (14)

It is of course a bit premature to take h> s(s + 1) as eigenvalue. We need to prove that the eigenvalue
of 82 is positive, but this is straightforward as it is the sum of three squared operators. Since the spin
operators are hermitean each term is not just a square but also the product of the operator and its
hermitean conjugate. In the next step, we recombine the operators s, and s, into

S+ =85 iy (15)
The commutation relations for these operators are,
[827 S:t] =0, (16)
[$2,84] = £h sy, (17)
[s4,5-] =2hs,, (18)

The first two can be used to show that

s2syls,m) = s+82|s,m) = h?s(s + 1) sx|s,m),

Sz 8+ls,m) = (sxs, £ hsy)ls,m)=(m=*1)hst|s,m),
hence the name step-operators (raising and lowering operator) which achieve

stls,m) =cyls,m £ 1).
Furthermore we have sl = sz and 8% = s2 + (s1s_ + s_s1)/2, from which one finds that
lex]? = (s,m|slsi|s,m> = (s,m|s® — s2 — [s4,s]/2]s,m)
2

(s,m|s* — s F hs.|s,m) =s(s+1)—m(m=1).

It is convention to define

syls,m) = hy/s(s+1)—m(m+1)|s,m+1)

= =hy/(s—m)(s+m+1)|s,m+1) (19)
s_|s,m) = hy/s(s+1)—m(m—1)|s,m—1)

= h/(s+m)(s—m+1)|s,m—1). (20)



This shows that given a state |s, m), we have a whole series of states

s, m—=1), |s,m), [s,m+1),...

2 2

But, we can also easily see that since s? — s? = s2 + 512; must be an operator with positive definite

eigenstates that s(s + 1) —m? > 0, i.e. |m| < /s(s+ 1) or strictly |m| < s+ 1. From the second
expressions in Eqs 19 and 20 one sees that this inequality requires m,,qo; = S as one necessary state to
achieve a cutoff of the series of states on the upper side, while m,,;, = —s is required as a necessary
state to achieve a cutoff of the series of states on the lower side. Moreover to have both cutoffs the step
operators require that the difference m 4 — Mmin = 2 s must be an integer, i.e. the only allowed values
of spin quantum numbers are

s=0,1/2, 1, 3/2,...,

m=s,s—1,...,—s.

Thus for spin states with a given quantum number s, there exist 2s + 1 states.

1.4 Why is / integer

Purely on the basis of the commutation relations, the allowed values for the quantum numbers s and m
have been derived. Since the angular momentum operators £ = r X p satisfy the same commutation rela-
tions, one has the same restrictions on ¢ and my, the eigenvalues connected with £? and (.. However, we
have only found integer values for the quantum numbers in our earlier treatment. This is the consequence
of restrictions imposed because for £ we know more than just the commutation relations. The operators
have been introduced explicitly working in the space of functions, depending on the angles in R3. One
way of seeing where the constraint is coming from is realizing that we want uni-valued functions. The
eigenfunctions of £, = —ih d/d¢, were found to be

Y7 (6, 6) o ™.

In order to have the same value for ¢ and ¢ + 27 we need exp(27im) = 1, hence m (and thus also ¢) can
only be integer.

For spin, there are only the commutation relations, thus the spin quantum numbers s can also take
half-integer values. Particles with integer spin values are called bosons (e.g. pions, photons), particles
with half-integer spin values are called fermions (e.g. electrons, protons, neutrinos, quarks). For the
angular momenta which are obtained as the sum of other operators, e.g. 7 = £+ s, etc. one can easily see
what is allowed. Because the z-components are additive, one sees that for any orbital angular momentum
the quantum numbers are integer, while for spin and total angular momentum integer and half-integer
are possible.



2 Spin states

2.1 Matrix representations of spin operators

In the space of spin states with a given quantum number s, we can write the spin operators as (2s+ 1) x
(2s + 1) matrices. Let us illustrate this first for spin s = 1/2. Define the states

1
oo 2= (g

0
X(_ll/?; or x; or [1/2,-1/2)= { 1 ]

Using the definition of the quantum numbers in Eq. 14 one finds that
_ 1/2 0 _ 0 0 _ 0 1
Sz_h{ 0 1/2]’ 5+_h{1 0]’ S—_h[o 0]’
For spin 1/2 we find the familiar spin matrices, s = ho /2,

(o0 1 (0 —i (1 0
=10 %=l o) %" lo —1]"

For spin 1 we define the basis states,

1 0 0
=m+n=lo |, W=po=]1], x=po=|o0].
0 0 1

The spin matrices are then easily found,

10 0 0 v2 0
s.=h| 0 0 0 ,sy=h| 0 0 V2 |,s-=h
0 0 -1 0 0 0

o&o
Soo
oo o
| SE—

from which also s, and s, can be constructed.

2.2 Rotated spin states

Instead of the spin states defined as eigenstates of s,, one might be interested in eigenstates of s-n, e.g.
because one wants to measure it with a Stern-Gerlach apparatus with an inhomogeneous B-field in the
n direction. We can of course just write down these states formally like

1/2)/ ~ 1/2)/ ~
Xi{/g(n) and X(_l//g(n)

Suppose that we want to write them down in terms of the eigenstates of s, given above. To do this we
work in the matrix representation discussed in the previous section. Taking n = (sin#, 0, cosf), we can
easily write down

h [ cosf  sinf ] ' (21)

Ailh L
S'n72 0'~n72 sinf —cosf

We find the following two eigenstates and eigenvalues

. cos(6/2 . .
Xs:{?;(n) = [ sin((9;2)) ] with eigenvalue 4+ 1/2,

X(_I{/Qg (n) = { ;(S)lsr(lée/é? ] with eigenvalue —1/2.
The probability that given a state with spin along the z-direction a measurement of the spin along the
+n-direction yields the value +%/2 is thus given by

2
1/2 ~ 1/2
a7 =] = cos?(6/2).




In general the rotated eigenstates are written as

s ()
xwm) = | 42 o |- (22)
d®), .(0)

where d,,1.,(0) are the d-functions. These are in fact just matriz elements of the spin rotation matriz
exp(—i0Sy) between states quantized along the z-direction. Extended to include azimuthal depen-
dence it is customary to use the rotation matriz e *® 52 e 795y ¢ TIXS3 gnd the functions are called

Dmlm(¢7 97 X)



3 Combination of angular momenta

3.1 Quantum number analysis
We consider situations in which two sets of angular momentum operators play a role, e.g.

e An electron with spin in an atomic (nf)-orbit (spin s and orbital angular momentum £ combined
into a total angular momentum j = £+ s).

e Two electrons with spin (spin operators s; and so, combined into S = s + s2).

e Two electrons in atomic orbits (orbital angular momenta £; and €3 combined into total orbital
angular momentum L = €7 + £5).

e Combining the total orbital angular momentum of electrons in an atom (L) and the total spin (S)
into the total angular momentum J = L + S.

Let us discuss as the generic example
J=731+72 (23)

We have states characterized by the direct product of two states,
|j1am1>®|j2am2>7 (24)

which we can write down since not only [j2,j1.] = [j2,j2:] = 0, but also [jim,j2n] = 0. The sum-
operator J obviously is not independent, but since the J-operators again satisfy the well-known angular
momentum commutation relations we can look for states characterized by the commuting operators J>
and J,, |...;J,M). Tt is easy to verify that of the four operators characterizing the states in Eq. 24,
[J2,j12] # 0 and [J?, ja.] # 0 (Note that J? contains the operator combination 2j, - j», which contains
operators like j1,, which do not commute with ji.). It is easy to verify that one does have

[J%,41 = [J*, 53] =0,
[J.,43) = [J.,43] = 0,

and thus we can relabel the (251 +1)(2j2 + 1) states in Eq. 24 into states characterized with the quantum
numbers
|j17j2;JaM>' (25)

The basic observation in the relabeling is that J, = j1, + j2, and hence M = mj 4+ my. This leads to the
following scheme, in which in the left part the possible m; and mo-values are given and the upper right
part the possible sum-values for M including their degeneracy.

M
= htl,
mla_—o—ﬁ—o—_k a—o—o—c—.—c—k
") X )y +
m- — & & — & & o o o
“lp ) +
P

17 1ol
1. Since |m1| < j1 and |mg| < jo2, the maximum value for M is j; + jo. This state is unique.

2. Since J4 = j14 + jor acting on this state is zero, it corresponds to a state with J = j; + j2. Then,
there must exist other states (in total 2J + 1), which can be constructed via J_ = ji_ + jo— (in
the scheme indicated as the first set of states in the right part below the equal sign).



3.

Thus

In general the state with M = j; 4+ jo — 1 is twofold degenerate. One combination must be the state
obtained with J_ from the state with M = j; + ja, the other must be orthogonal to this state and
again represents a ‘'maximum M ’-value corresponding to J = j1 + jo — 1.

. This procedure goes on till we have reached M = |j; — jo|, after which the degeneracy is equal to

the min{2j; 4+ 1,2j2 + 1}, and stays constant till the M-value reaches the corresponding negative
value.

Combining two angular momenta j; and js we find resulting angular momenta J with values

going down in steps of one.

J:j1+j27 j1+j2_1a"'7|j1_j2|5 (26)

Note that the total number of states is (as expected)

Ji+J2
Yo @741 =2+ 125+ 1) (27)
J=|j1—J2|

Furthermore we have in combining angular momenta:

half-integer with half-integer — integer

integer with half-integer — half-integer
integer with integer — integer
3.2 Clebsch-Gordon coefficients

The actual construction of states just follows the steps outlined above. Let us illustrate it for the case of
combining two spin 1/2 states. We have four states according to labeling in Eq. 24,

1.

[s1,m1) ® |s2, ma) : [1/2,+1/2
11/2,41/2
11/2,-1/2
11/2,-1/2

®1[1/2,41/2
®1[1/2,-1/2
®[1/2,+1/2
®11/2,-1/2

=111
=1l
=17
=| 1l

The highest state has M = 1 and must be the first of the four states above. Thus for the labeling
|517 523 Sa M>

Y

?

)

—_ ~— ~— ~—
~_ — ~— ~—
R~~~

1/2,1/2:1,+1) = | 11). (28)
Using S_ = s1_ + s2_ we can construct the other S + 1 states.

S_1/2,1/2;1,+1) = hV/2[1/2,1/2;1,0),
(s1— +s2-)[ 11) =R(| T1) + [ 1T),

and thus

WZWmm=%QmHu®. (20)

Continuing with S_ (or in this case using the fact that we have the lowest nondegenerate M-state)
we find
11/2,1/2:1,-1) = | 1), (30)



3. The state with M = 0 is twofold degenerate. One combination is already found in the above
procedure. The other is made up of the same two states appearing on the right hand side in Eq. 29.
Up to a phase, it is found by requiring it to be orthogonal to the state |1/2,1/2;1,0) or by requiring
that S = s14 + say gives zero. The result is

1/2:1/20.0 = (111 = 110) (31)

The convention for the phase is that the higher m-value appears with a positive sign.
It is easy to summarize the results in a table, where one puts the states |j1,m1) ® |j2, m2) in the
different rows and the states |j1,j2; J, M) in the different columns, i.e.
j1 X jQ J
: M

For the above case we have

12x12 [1 1 0 1
1 0 0 -1
12 +1/2 [ 1
+1/2 -2 b b
~1/2  +1/2 N
“12 —1/2 1

Note that the recoupling matrix is block-diagonal because of the constraint M = mj+ms. The coefficients
appearing in the matrix are the socalled Clebsch-Gordan coefficients. We thus have

|j15j2;J7M>: Z C(jhmlaj%m%‘]aM) |j15m1>®|j25m2>' (32)

mi,m2

Represented as a matrix as done above, it is unitary (because both sets of states are normed). Since the
Clebsch-Gordan coefficients are choosen real, the inverse is just the transposed matrix, or

1, ma2) @ |ja,ma) =Y C(jr, ma, ja, mas; J, M) [y, jo; J, M). (33)
TM

In some cases (like combining two spin 1/2 states) one can make use of symmetry arguments. If a
particular state has a well-defined symmetry under permutation of states 1 and 2, then all M-states
belonging to a particular J-value have the same symmetry (because j14 +j24+ does not alter the symmetry.
This could have been used for the 1/2 x 1/2 case, as the highest total M is symmetric, all S = 1 states
are symmetric. This is in this case sufficient to get the state in Eq. 29.

We will give two other examples. The first is
1x1/2 3/2 3/2 1/2 3/2 1/2 3/2
+3/2  +1/2  +41/2  —1/2 —1/2 —3/2
+1  +1/2 1
+1 —1/2 Vi V3
T
3

0 +1/2 VA

0 -1/2 2 1
1412 Vi V3
-1 —1/2 1



for instance needed to obtain the explicit states for an electron with spin in an (2p)-orbit coupled to
a total angular momentum j = 3/2 (indicated as 2ps;o) with m = 1/2 is

The second 1is

o(r,1) = 2220 <\/§ Yi(0.6) %1 + @ ¥(0.9) xT> :

1x1 2 2 1 2 1 0 2 1 2
42 41 41 0 0 0 -1 -1 =2

+1 +1| 1

Hoo | VIV

0 +1 Vi o—V3

0 0 VE 0 /1

S PV

-1 -1 1

This example, useful in the combination of two spin 1 particles or two electrons in p-waves, illustrates
the symmetry of the resulting wave functions.

3.3 An example: the Helium atom

As a first-order description of the helium atom, one can consider the independent-electron approxima-
tion, starting with a hamiltonian in which the electron-electron interaction is neglected, as well as any
interactions involving the spin of the electrons. In that case one has a separable hamiltonian and for
each of the electrons the solutions are given by hydrogen-like states (Z = 2), characterized by (nf). Let
us investigate the possible ground-state configurations, (1s)? and the first excited levels (1s)(2p) and

(1s)(2s).

e The ground state configurations (1s)2.
Knowing the two angular momenta involved is sufficient to know the parity of these states, II =
(—)** (=) = 4. The angular momentum recoupling works in the following way.

— Combining ¢; = 0 and ¢3 = 0, the only possibility is L = 0. The orbital wave function then is
symmetric under the interchange of the two electrons 1 and 2.

— Combining the spins s; = 1/2 and s = 1/2 gives two possibilities, S = 0 or S = 1. The first
possibility is antisymmetric under the interchange of the electrons, the second is symmetric.

— The total wave function (product of orbital and spin parts) must be antisymmetric for fermions
according to the Pauli principle, hence L = 0 can only be combined with S = 0. This leaves
only one possibility for the total angular momentum, J = 0. The notation for the only allowed
ground state configuration is

(n1 61)(712 62) 2S+1LJ1‘[ = (15)2 IS()+.

e The configurations (1s)(2p) with parity II = —.

— We have L = 1, but appearing twice. We can construct the symmetric and antisymmetric
combinations,

S, =

V2 1 9 1 2

uzp(r2) uzp(1)

1 [uis(r
Ll Y5 () =22 Y () £ =2 VM () =

for the spatial part.

— The combination of the spins gives again an antisymmetric S = 0 and a symmetric S = 1
wave function.



— The allowed configurations are thus obtained by the appropriate antisymmetric combinations
of orbital and spin parts,

(13)(227) 1P1* and (15)(219) 3P0,71,72,,

e The configurations (1s)(2s) with parity IT = +.

— We have L = 0, but now also appearing twice in a symmetric and antisymmetric combination.
— As above, antisymmetric S = 0 and symmetric S = 1.

— This gives the allowed configurations

(1s)(25) 1 Sy+ and (15)(2s) 381 +.

10



4 The EPR experiment

4.1 The ’experiment’

One of the best ways to illustrate the ’absurdness’ of quantum mechanics when one tries to understand
it with classical means is the EPR experiment, proposed by Einstein, Podolsky and Rosen (1935) to
show that quantum mechanics should be wrong. A simplified version of the experiment is the decay of
a spin 0 system into two spin 1/2 particles with opposite spin. The spin is measured along a direction
perpendicular to the motion of the two particles, which are moving apart at (say) half of the speed of
light. The angles 84 and 6p, along which the spin is measured can be varied, but the actual decision
which angles are measured is only taken (at random) when the particles are halfway®.

d
0° 0°
0
60 spin 0 60°
R CEEEEEEE ® - S
120° / 120°
0 1 1 o
180 =1c V= 3¢ 180
A B
passage passage
of A of B
T decide GA decide GB T
measure measure
sn, shg

The results of the measurements (which in recent years have actually been performed with a variety of
particles over macroscopic distances) are as follows:

e Considering only the measurement at A, the probability to measure a spin along nn4 is P(64,+) =
1/2 and the probability to measure a spin opposite to this is P(f4,—) = 1/2. Similarly at B.

e Given a '+’-measurement at A at a given angle 8 4, the following results are found:

|04 — 05| = 0° 60° 120° 180°
P(0a,+;0B,+) 0 1/4 3/4 1
P04, +;05,—) 1 3/4 1/4 0

4.2 A classical explanation?

In any ’realistic’ theory the information on the potential measurements for particle A should be a property
of particle A and hence stored in the particle. Thus to simplify things, only concentrate on three angles
(0°, 60° and 120°). Any event has particles A and B flying apart with known prescriptions for what to
do if they encounters a Stern-Gerlach apparatus under a given angle 64. E.g.

Event 1: memory_A = (+ — +) memory B = (— + —)
Event 2: memory A = (++ —) memory_ B = (— — +)

In this way information on the setting of B cannot reach A at the time of measurement

11



etc. For instance in the first example the prescription tells A that if 64 = 0°, then a spin measurement
yields +7/2, if 84 = 60°, then a spin measurement yields —7%/2, while if 4 = 120°, then a spin
measurement yields +%/2. In each of the events the common origin of A and B is reflected in the
complementary prescriptions. This is the only way the first and last colums of the ’experiment’ can be
explained. Let’s now concentrate on the correlations and write some explicit probabilities P(04,+; 05, +)
in terms of the fractions of events with particular memories. We have e.g.

P(0°,4;120°+) = > f(+o——7+)
= f++——-——4) + f(+——=—-++) (34)
P(60%,+:120%4) = f(++———+) + f(-+-i+—+) (35)
| S S —
>0
P(0°,+:60°4+) = f(+—+i—+-) + f(+———++), (36)
—_—
>0
and hence we must have in a realistic theory

P(60°,+;120°,+) + P(0°,+;60°,4+) > P(0°, +;120°,+), (37)

which is an explicit example of a Bell inequality. But clearly our ’experiment’ above violates this inequal-
ity! Thus a realistic theory cannot explain the results in the EPR experiment.

4.3 The quantum-mechanical explanation!

Quantum mechanics can explain the results. Using e.g. the spin states defined with respect to the 6 = 0
directions, we know that the AB system is in an antisymmetric (spin zero) state,

L
V2

Using the rotated spin states along an arbitrary direction n, it is straightforward to check the results of
the EPR experiment. Given a ’+’-measurement at A, the wave function becomes

[AB) = —=([AT)@[Bl)-[A)@|B1)) (38)

AT @B 1)

and the probability

P(0°,+:0p,+) = (A1 [[A1) (05, +]|B )| =sin*(05/2). (39)

For any other angle for 6 4, simply choose this as the quantization axis, to see that the result only depends
on 64 —0p.
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5 Time dependent perturbation theory
Mandl, chapter 9

For a hamiltonian without explicit time-dependence, i.e. H = H(r,p,...) one has stationary state
solutions of the form |¢) e "*#*/" where |¢) is time-independent and is a solution of the eigenvalue equation

Hl¢) = E|¢).

This can be checked by inserting such a solution (with constant E) in the Schrodinger equation,

thofy) /0t = H(t)|(t)), leading to

2]
ihZ|¢) = (H — E
i 216) = (1 ~ B)|6),
If H has no time-dependence a solution satisfying 9|¢)/0t = 0 exists.
As discussed earlier, there are two possibilities

1. One starts (e.g. after a measurement) with 1(0) = |¢;), where ¢; is one of the eigenstates of H with
eigenvalue/energy E;. In that case [1(t)) = |¢;) e it/ and all expectation values of operators
(that do not explicitly depend on time) are time-independent.

2. One starts in a mixed state, say [1)(0)) = |¢1) + |#2). In that case one has [1h(t)) = |¢1) e Frt/P 4
|p2) e B2t/ or |ah(t)) o 1) + |po) e “E2=ENY/R which leads to oscillations in expectation values
with frequency ~ (E2 — Eq)/h.

In the situation that the hamiltonian of a system contains explicit time dependence, i.e. H = H(r,p,...,t)
one no longer has stationary state solutions of the form |¢) e "*#*/%, Tt is easy to see that a check as dis-
cussed above with a time-dependent H (¢) will leave us with a time-dependence in |¢) = |¢(t)).

Next consider the case that the time-dependence is contained in a part of the Hamiltonian, which we
(in order to study it perturbatively) multiply with a factor A,

H=Hy+ \V(t), (40)

where Hy does not have explicit t-dependence, while the second part has a (possible) time-dependence.
Assume the problem Hy to be known, i.e. Ho|p,) = E,|¢,) with eigenstates |¢,) and eigen-energies E,,.
In doing time-independent perturbation theory (when V is time-independent) one tries to express the true
eigenfunctions of H in the complete set ¢;. Already in that case one observes that if the system originally
is in a state |¢;), it will at a later time no longer be in this state, because we have to expand |¢;) in the
true eigenstates of H, which deviate from the eigenstates of Hy. This problem is more easily dealt with
in time-dependent perturbation theory, which, moreover, can also treat time-independent perturbations.

13



6 Treatment of time-dependent perturbations

We consider as mentioned in the previous section H = Hy + AV (¢), with a known (time-independent)
part for which the eigenstates and eigen-energies satisfy Hg|¢,) = En|dn). Using completeness of the
states |¢,) we know that it is always possible to write

t)) = ch(t) |Pn) e Ent/h, (41)

Note that one could have absorbed the exponential time-dependence in ¢, (t), but not doing so is more
appropriate in perturbation theory. In the choosen way of proceeding, the time-dependence of ¢,, is solely
a consequence of AV.

By substituting the expression for |1(¢)) in the Schrodinger equation,

m—lw( )) = (Ho + AV(1)) [4(t)), (42)

one simply finds
ih ép(t Z A Vi (£) e () eTierm?, (43)

where V,, = (¢p|V o) and wypy, = (E, — Ey,)/h. As promised if AV = 0, the righthand-side is zero and
the coefficients are time-independent.

In the next section we solve the above equations for a simple two-state system. More often, however,
one will encounter a perturbative approach.

In the case of perturbation theory, we realize that in trying a solution of the form

ep(t) =)+ D(t) + ... (44)
the time-dependence of a specific order is determined by the next lower order,

ih el = ZV ™ (t) etiwemt, (45)

Starting with ¢,(0) = d,; one immediately sees that the first two orders are given by

S (1) = G, (46)
1 (7 o
(r) = = /0 dt Viyi(t) ettt (47)

This can straightforwardly been extended and leads to the socalled ‘time-ordered’ exponential, which we
will not discuss here.
The quantity |c,(7)|? is the probability to find the system in the state |¢,), which means the probability

for a transition 7 — p. The first order result is valid if |c§,0) (1) + cg,l)(r)|2 ~ 1.

14



6.1 An exactly soluble example

Consider the following hamiltonian for a two-state system,
H=—p-B(t) = —ys-Bt), (48)

describing the interaction of a spinning particle (with magnetic moment p proportional to its spin) in
a magnetic field. For instance for an elementary electron pu = —(e/m) s where s = (h/2) 0. For other
(composite particles) the factor may be different. However, for any spin 1/2 particle the spin operators
can be represented by the Pauli matrices.

Considering first the case of a constant magnetic field in (say) the z-direction, i.e. By = (0,0, By).
Using the matrix representation for a spin 1/2 particle one has

H:—%&haz:—%Boh[é 01]. (49)

The solutions are easily obtained,
¢1) = [ (1) ] with Elz—%&’ , (50)
Ia) = [ (1’ ] with EQ:%&R, (51)

If the system is in a spin-state along the z-direction, it will stay in this state. If it is in another direction,
it will start to oscillate with a frequency wio = (E1 — Es)/h = —v By.

Next consider the system in a circulating magnetic field in the x-y plane, superimposed on By, B(t)
= By + B;(t), where B;(t) = (By coswt, By sinwt,0). In that case

B, B
H = f% o, — % (05 coswt + oy sinwt)
_ vBy 1 0 vB; 0 et
- _Th[o 1]_Th[e+m o ) (52)
As discussed in the previous section we can assume
1 —iw 0 iw c1(t) emiwn2t/2
pO) =a@ [ o | e ian (] ) e = (9O ) 6

for which insertion in the Schrédinger equation or using the theory in the previous section one finds

a(E0) = B Lt ) (o)

(0 ().

can be simply rewritten into a second order differential equation for cq,
61+i(W7W12)61+|U|201 =0. (57)
This equation has two independent solutions of the form e??P! with

1 1
p=—zW-wa)EzA (58)
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with A = \/(w — wi2)? + 4[v[2. The general solution can then be written as

1 At At
Cl(t) = (3751(“)7“)12)15 <A sin 7 + B cos 7) ,

Starting off with ¢;(0) = 0 and |c2(0)| = 1, it is straightforward to check that

1 At
Cl(t) = Aeil(w_w12)t sin 7,

2 2 g2
|A|2:4%: : 21 21R27
R T @ on) T

1 ()] + le2(B)]* = 1.

(60)

(61)

(62)

Thus, given an initial spin aligned parallel or antiparallel to the By field, the probability for transition to
the other spin state shows oscillations with a frequency A, while the magnitude depends on the frequency
of the rotating perpendicular B; field, showing a resonance at w = wy2. In that case the spin completely
flips from parallel to antiparallel and back with frequency A (at resonance we have A = vB;). For further

discussion and plots, see Mandl (section 9.2).
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7 Fermi’s golden rule

We now return to the perturbative treatment of time-dependence and note that also for a time-independent
interaction V, transitions occur, if the initial state is not an eigenstate of the full Hamiltonian, but only
of Hy. If V is sufficiently weak, we find the result in first order perturbation theory,

ngal)(T) = ‘./pi / dt ettwrit — V_Pil o Hiwpit
ih 0 hwm 0
Vi " 2V, . .
= ﬁjpi (1 _ e-‘rzwpﬂ') - hw;’: sm(wpir/2) (3-‘4-144.1,,17—/27 (63)
and thus for p # 4,
1 4 |Vpil? Sin2(w iT/2)
P = =3 2 (64)
pi

The function

is for increasing times 7 ever more strongly peaked around w,; = 0. The value at zero is f(0) = 72/4,
the first zeros are at |wp;| = 27/7. Since

we approximate
sin®(wpiT/2) 7T

o2, =5 0(wpi). (66)
pi
Then we find? 5
T
P, (r) = 75 [Vil* 6(B, — Ey) (67)
or for the transition probability per unit time,
. 2
Pi(i?p = % \Vil? 0(E, — E;) Fermi’s Golden Rule. (68)

Although the allowed final state is selected via the energy delta function, it is often possible that the
system can go to many final states, because we are dealing with a continuum. In that case one needs the
density of states p(E), where p(E) dE is the number of states in an energy interval dE around E. The
transition probability per unit time is then given by

. 2 2w
P, = [ ay B Vi By — ) = 22 Vil () (69)
E,=E;

(Fermi’s Golden Rule No. 2).

2 d(az) = ﬁ o(x)
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8 The dipole approximation

As an example of time-dependent perturbations, we discuss the absorption and emission of photons

by atoms. In this case one often uses the dipole approximation for the interaction of matter with an

electromagnetic field. Here only a very global treatment is presented, to be used in the next section.
We take a plane wave for the scalar and vector potential,

6 = ok, w) expli(k -7 — wt)), (70)
A = A(k,w) expli(k - r — wt)], (71)

with w = |k|c, corresponding with the energy and momentum relation, E = |p|c, for a massless photon.
Although the physical fields are real, we can work with the plane waves by always taking also the complex
conjugate solution into account. The corresponding behavior for the electric and magnetic fields can be
obtained from the potentials®

E= E~(k,w) expli(k - r — wt)], (72)
B = B(k,w) expli(k - — wt)]. (73)

The interaction of matter with an electromagnetic field is given by
Hont = [ @r p(r)o(r) = 5(r) - A(r)] (74
where p and j are the charge and current distribution. The dipole approximation is valid when the wave

length A = 27/|k| is much larger than the typical size of the system, e.g. for light (A ~ 60004) and atoms
(size = 1 —10A). In that case one can restrict oneself to the first nontrivial term in

expli(k-r—wt)] =e ' (1+ik-r+...). (75)

One obtains
Hy = /dgr {(1 +ik-7)p(r)plk,w) — (1 +ik-7)j(r)  Alk,w) (76)
= Q¢(k,w)— D E(k,w)—p-B(k,w)+..., (77)

where we have used that ik ¢ = —E + (w/e) A and ik x A = B. The charge and current distributions
give rise to charge, electric and magnetic dipole moments,

Q= /d3r plr) = Zqi, (78)
D= /d?’r rp(r) = Z% T (79)
u:/d3rrxj(r):>2%£i, (80)

The results after the arrow in the above equations indicate the results for a number of charges ¢; at
position 7;, i.e. p(r) = .,¢; 0*(r — r;). For a neutral system the first interaction term disappears and
the next important one is the interaction with the electric dipole moment (D).

3Recall that

E--vo-124
c Ot

B=VxA
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9 Emission and absorption of radiation by atoms

The radiation fields can be obtained from the vector potential

A =¢€(k,w)

Lok ) gl 7 wt) (8D

and ¢ = 0. The vector € is called the polarization. One has

E = € Ey expli(k -7 — wt)], (82)
B = % Eoy expli(k -7 — wt)]. (83)

In the dipole approximation the interaction with matter is given by
V(t)=-D -E(t)=-D -eEye " (84)

Although we have a time-dependent interaction, we can proceed as in the derivation of Fermi’s golden
rule. We obtain now - .
(0p| D - €|gp) By € rim)T —1

() =
e (1) ih i (wps —w)

: (85)

which gives as before rise to a delta function d(w — wp;). With w being the positive photon frequency,
this can only describe absorption of a photon, hw = E, — E; > 0. As discussed before, also the complex
conjugate solution must be considered, which gives the same result with w — —w. This gives rise to a
delta function §(w + wp;) and describes the emission of a photon, Aiw = —hwp; = E; — E, > 0. The
transition probability can be summarized by

_ B(w)

&
P, = =5

i—p

(81D - €lé) * T 6(w = [wyil). (86)

If one is not working with monochromatic light one has an integral over different frequencies w. Instead
of the intensity of the field Ey one can use the number of incident photons N(w) (number/(areaxtime)).
This number is determined by equating the energy densities in a frequency interval dw,

1
— 6o B2 (w) dw = ———— dw. (87)
2 c

Integrating over the photon frequencies, one sees that the atom absorps or emits photons of the right
frequency leading to a transition rate

S(1) ™ 2
Piey = e |wpil N(Jwpil) [(¢p| D - €[¢)]” (88)
For electrons D = — ). er; = —e R. For unpolarized light € is arbitrary and averaging gives a factor

1/3. In terms of the fine structure constant v = 2 /47 g ic the averaged transition rate is

—o 4
Wimp = P, = 5% il N(lwpil) [ (85 RI6:) - (89)

Note that by treating also the electromagnetic field quantummechanically one finds in addition to the
stimulated absorption or emission rate a spontaneous emission rate

t. 4w
W = 2 a =2 (6, | RIoi)I, (90)

governed by the same transition matrix element and thus obeying the same selection rules.
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10 Unstable states

In many circumstances one encounters unstable states, i.e. the probability P to find a system in a
particular state decreases in time,

dP

P(t+dt) = P(t) (1—ydt) — ==

77P(t)a
where v is the decay rate or decay probability per unit time. The solution is
P(t)=P(0)e "' = P(0)e /7, (91)

with T'= 1/y = k/T the lifetime. The quantity T is referred to as the width of a state. For a decaying

state we thus write _
|[Wn(t)) oc =" Ent/hmmt/2, (92)

We can expand a decaying state in eigenmodes according to

el Ent/h—ynt/2 H(t) —_ / 2_0.) c(w) et wt7 (93)
oo 2T

with

c(w)

o0
/ dt e+'i (W—wn+ivn/2)t
0
. o0
_ —t o (W—wntivn /2)t
W — wp + 1Y,/2 0
)

= - 94
W— Wy +i7,/2 (94)

For unstable states the transition amplitude for emission or absorption of a photon is then proportional
to

dw! dwt
W) = [ 5252 G al) i - + o))

d i
[ maw)aw v

dw' [ oo i (' —wa—iva /2)ts i (w1 im /2t
o dty dty e\ w22 2 Tt (W Tw—wiTim 1
2 Jo o

00 oo
/ dtl/ dts e+i (wa+iv2/2)t2 e+’i (w—wi+iv1/2)t1 5(t1 _ t2)
0 0

/OO dt e+’i (w—wiz2+iv12/2)t _ [ (95)
0 W —wiz +iv12/2

where w12 = w; —ws and 732 = 71 + 2. Thus the line-intensity becomes instead of a delta-function
d(w — |wpi|) proportional to
1

I(w) X |T(w)|2 X (w _ W12)2 + 7122/45

or normalizing to the peak intensity

I2,/4
I(w) =1 — 12/2 R (96)
h (w —wlg) +F12/4

showing the reason for the name width. The quantity I'12 is precisely the width of the peak at half-
maximum intensity, when plotting I as a function of the photon energy hAw. The function is known as a
Lorentzian distribution or a Breit-Wigner distribution.
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11 Introduction to scattering theory
Mandl, chapter 10

The quantummechanical treatment of a scattering problem is that of a particle (with mass m and
incoming momentum p) scattering in a given potential V(7). We assume that the particle is scattered
into a final state with momentum p’. The latter is the result of a measurement with a detector with
opening angle df2, located under an angle (6, ¢) with respect to the incoming momentum.

e 0 ovey T P

The number of scattered particles per unit time per solid angle, n(6, ¢), is proportional to the incoming
flux j;n, the number of particles per area per unit time,

This is the definition of the differential cross section do, from which it should be immediately clear that
the unit of cross section indeed is that of an area.

Typically cross sections have something to do with the area of the target as seen by the incoming
particle, e.g. for proton-proton scattering a characteristic cross section is 40 mb, where 1 barn =1 b
= 1072 m%. The number 40 mb, indeed, is roughly equal to the area of a proton (with a radius
of about 1 fm = 107'® m). Besides the area of the target the cross sections also depends on the
strength of the interaction. For instance electromagnetic interactions are typically a factor 100 or
(100)? smaller, e.g. 0, ~ 100 ub and e, ~ 1ub, corresponding to the presence of the fine structure
constant o or o respectively, where o = e?/4meohc = 1/137. Weak interactions, e.g. neutrino-proton
scattering, again have much smaller cross section in the order of 1072 pb, indicative for the weakness
of the "weak” interactions.
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12 Cross section in Born approximation

We use the result of time-dependent perturbation theory to obtain an expression for the cross section,
namely the unperturbed situation is the free case, with as possible solutions, the incoming particle in a
plane wave, ¢;(r) = \/p exp (ip-r/h), with energy E = p?/2m and the detected final state, ¢¢(r) =
VP exp (ip' -r/h), with energy £ = p'?/2m. Note that we allow processes in which the energy of the
scattered particle changes. writing Q = E’ — F one has Q = 0 for an elastic scattering process, an energy
release, @@ > 0, for an exothermic process and energy absroption, @ < 0, for an endothermic process.
The potential V is a perturbation that can cause transitions between these states. Using Fermi’s golden
rule, we have for the number of particles with momentum p’ (of which the direction with respect to p is
given by the angles 6, ¢),

21 2
0,6)d0 =" [ Vi) p(E' : 98
n(6.6)d2 = = [[(osIVIoal o(B)] (98)
In order to get do we need to get the flux Z in the initial state and the density of states p(E’) in the final
state.

e [Initial state flux.
The initial state flux is obtained from the wave function in the initial state via the expression for
the current,

h P
j(r,t) = — (W* Vi — (VyY)*y) = p— = po. 99
J(rt) =g (W VY = (VY)'9) = p — = pv (99)
The incoming flux is along p and, as expected, given by Z = pv = pp/m (we use p = |p|).

e Final state density of states. The final states are plane waves and the density of plane waves is in

momentum space given by

1 d%p
dp == —.

p(p) d°p > @)

This can be seen by looking at the expansion of the unit operators in coordinate and momentum

space consistent with the choice of the normalization of the plane waves,

1= [ @il = [ 5 ) o (101)

Another way is to use box normalization, in which case one finds that for one particle in a box with
sides L,ie. 0 <o <L, 0<y<Land0<z<L (ie. density p = 1/L?), the wave function is
found after imposing periodic boundary conditions,

(100)

Bp(r) = 773 xplip-7/h), (102)

with p = (2h/L) (g, ny, n.), showing a density of states in p-space given by (L/27h)3. Rewriting
the final state density p(p’) in terms of E' and Q' we find

dp' dSY — - mpf

1
A =
PPN = Gy » @nh)?

dE' dQY = p(E') dE' dSY. (103)

With the flux and density of final states, we get immediately

m 2p, i 2
do(0,¢) = dQY —/d3re <— - ’~r>Vr , 104
0.0 =i () B | [ oo (0w r)ve| (10)
or introducing the Fourier transform
V(k) :/d% V(r) exp(ik -r), (105)
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one obtains the following expression for the differential cross section in the socalled Born approximation,

do [ m 2y
v \2rxn%) p
where ¢ = (p — p’)/h is the momentum transfer in the process. Often the differential cross section

is azimuthally symmetric and one uses dQ) = dcosfd¢ = 2mwdcosf to obtain do/df. Integrating the
differential cross section over all angles one obtains the total cross section,

V()| (106)

o(E) = / 40 j—g(E,Q). (107)

Note that in the case of elastic scattering one has p’ = p in which case the momentum transfer squared
is given by

nq* = |p—p'|"=p"+p”+2pp cos(6)
2p%(1 — cosf) = 4 p* sin?(0/2). (108)

A dependence of the differential cross section (do/d2)(E, ) on this combination is a test for the validity of
the Born approximation. This dependence is in particular applicable for central potentials, V(r) = V (r),
in which case the Fourier transform

V(q) = /d?’r V(r) exp(iq - 7)

00 1 )
= 27r/ dr/ dcosa r?V (r) et cose
0 —1
4 [

= — dr rV (r) sin(gr), (109)
q Jo

only depends on g = |q|.
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13 Applications

13.1 The square well potential

As a first application consider the square well potential, V(r) = Vj for r < a and zero elsewhere for
sufficiently weak potentials at low energies and small angles (ga <« 1). We will come back to the
applicability of the Born approximation in a later section. The Fourier transform is given by

~ AT Vy [
Vig) = il 0/ dr r sin(qr)
q 0
AT Vy [9¢
= 7T3 0 dx x sin(x)
q 0
47TVO .
= —5— [singa — qa cosqa]
q
qa<1  4mVy 1 3 1 3 _Am o
1 = {qag(qa) —qa+ E(qa) +... =5 W’ (110)
leading for £ — 0 to
do 1 /2mVpa? 2 9
— x| —s 111
a0~ 9 ( 2 ¢ (D)
13.2 The Coulomb potential
The integral
- Ze? 4m [
Vig)=— — dr sin(qr 112
(9) = - 7/ (qr) (112)

diverges and we need to consider for instance the screened Coulomb potential, multiplied with exp(—pur).
In that case one obtains

- Ze? Axn [

Vig) = - dr sin(qr)e™*"
(9) Treo 7 Jo (qr)
2 o0
= — Ze” 4w dr 1 (ei(qﬂﬂ)r — ei(qfiu)r)
dmey q Jo 27
Ze? 1
S . - (113)
€ q“+p
allowing even the limit ;4 — 0 to be taken. Thus
d NG| ze2 \? 1
Y (g,0) = (_mQ) (_e) — = ( ¢ ) — . (114)
dQ 27 h € ) q 8meopv ) sin’(6/2)

This result is known as the Rutherford cross section.

13.3 Processes near threshold

If the volume integral over the potential exists, one knows that ‘7(0) is finite and one sees that for small
values of the momentum transfer one can write

v |E
o(E) Pl \/; (115)

Thus for an endothermic process (energy absorption or ) < 0) one has a threshold value for the incoming
energy, Eiyny = |@Q| and one has for E &~ Eyy,

o(E) x \/E— En. (116)
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For an exothermic process (with energy release Q > 0) one can scatter for any (positive) energy E and
one has near £ =~ 0

o(E) x ik (117)

13.4 Application to two-particle collisions

In most applications, the target is not an ”external” potential, but rather two particles that collide
(collider experiments) or one particle that is shot onto another one (fized target experiments). This can
in general lead to several possibilities corresponding to several scattering channels,

a+b — a+b (elastic scattering)
: 211 :222 +ds } (inelastic scattering) (118)

Nevertheless, one can deal with these processes, at least the two — two ones, by considering the problem
in the center of mass (CM) system. Considering two particles with momenta p; and p, and masses
mq and me, for which the only translationally invariant interaction that is allowed must be of the form
V(ry —r2) = V(r) with » = 71 — r2 the relative coordinate. Since the flux factor is just given by

Py Py

mi ma

IT=plvi—v2|=p ; (119)

P
I

where p is the relative momentum and p the reduced mass one sees that the collision of two particles
indeed can be described by considering the scattering of one particle with reduced mass p having the
relative momentum p, scattering of the potential V(7).

Notes:

e Note that in the scattering of one particle in an ”"external” potential, there is no translation in-
variance, hence no momentum conservation, while for two particles with a potential depending on
the relative coordinate there is translation invariance. The latter requires conservation of the total
momentum P = p; + p,y, but not of the relative momentum.

e In the limit that one of the masses becomes very large, the light particle’s momentum and mass,
indeed, coincide with relative momentum and reduced mass, so one finds (consistently) that the
heavy particle can be considered as scattering center.
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14 Scattering off a composite system

Consider the scattering of an electron off an extended object, e.g. an atomic nucleus consisting of Z
protons (and N neutral neutrons). The hamiltonian is given by

H = Hnucleus + V, (120)

where Hatom (71, D1;---;72,Pz) is the nuclear hamiltonian and V' describes the interaction between the
scattering electron and the nucleus,

2

V=_ Z ¢ (121)

= 47 €0 |’I‘ — ’I‘j| '

We consider the nucleus to be initially in a state |® 4) with energy €4 and after the collision in a state |® )
with energy ep. Depending on the energy of the incoming electron this will be an elastic or endothermic
process with @ = €4 — eg < 0, i.e. part of the energy of the scattering electron is absorbed and brings
the nucleus into an excited state. The wave functions of the scattering electron in initial and final states
are plane waves characterized by the momenta p = hk and p’ = hk’, respectively. The full initial state
and final state wave functions are taken to be W;(r,r1,...,1z) = \/pexp(ik - r)Pa(ry,...,7z) and
Vi(r,ri,...,1z) = \/p exp(i k'-r)®pg(ry,...,7z), respectively. The Fourier transform of the potential
becomes

Z 2

z
; ; . « —e
V(q) :/d3r/Hd3rk exp(iq-r)Pp(ry,...,r2) 27 Da(ryy...,72)
k=1

e 47 €0 |T‘ — T‘j|

2 Z Z
e : . N 1
Tres E /HdSTk/d3r exp(iq -r)Pp—— Py
=17 k=1

‘ r =]
=— ¢ zZ: ﬁ d®ry, exp(iq-r;) | d® exp(iq-r') ®; L ®
47 €0 < k J BT'/ 4
j=1 k=1
e? Ar
= — — F 122
yE— BA(q), (122)

where we have introduced the nuclear form factor

z z
Fpa(q) = Z/Hd%k exp(iq-7;) P (r1,...,72)Pa(r,....,72)
j=17 k=1

z
= /d35 exp(iq - s) Z/Hd3rk OL(s,1r2,...,72)Pa(8,72,...,72), (123)
k=2

pBA(S)

which is the Fourier transform of the one-nucleon (transition) density ppa(s). We note that the wave
functions ® 4 and ®p are fully antisymmetric. The result for the cross section is

dopa me? 22?/ 2
i~ \Grerrg) pFea@l (124)

and shows the possibility to determine the distribution of nucleons in a nucleus.
In Chapter 10 of Mandl the equivalent example for the scattering off an atom is considered, for which
the full hamiltonian is given by
52
H=——V’+ Hyom +V, (125)
2m
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where Hatom (71, P15 - -3 72, Py) is the Z-electron hamiltonian of the atom and V' describes the interaction
between the scattering electron and the atom,

7 2 Z 2
V= € 3 © (126)

— Jr .
dregr = dmeg |r — 7y

with |®,) with energy €, and |®,) with energy €, the initial and final state wave functions. The full initial
state and final state wave functions are taken to be W;(r,r1,...,72) = \/p exp(ik-r) ®4(r1,...,rz) and
Vye(r,ri,...,1z) = \/p exp(i k' - 7r)®y(ry,...,rz), respectively. This neglects the antisymmetrization
of the scattering electron and the atomic electrons, which will be allright at sufficiently high momentum
transfer.

The first of the two contributions of the potential in Eq. 126 is evaluated as the example of the
Coulomb potential in the previous section. Since ®, and ®; are orthonormal solutions, one finds

3 Z Ze? Ze? 4An
/d T/l}:[ld rp exp(iq-7)®;(r1,...,7z) <47r60r> D,(ry,...,17) = fm q—25ba (127)

The second contribution is equivalent to the case of the nucleus considered above. The result for the
cross section is now

2
dopa m e? P’ 2
= — | Zdpa — Fr 128
ds) <27r eh?q®) p 120 ba(9)] (128)
getting contributions from both nucleus and electrons. The quantity Fi,(q) is the Fourier transform of
the one-electron (transition) density pqp(s). This shows the possibility to determine electron distributions
in an atom.

Note that the first term is derived treating the nucleus as a point. In fact Z y4, should read Fa4(q) dpa
(where A indicates the nuclear groundstate). However as we will see in the next section, for relevant
g-values for scattering of the atomic electrons one has Faa(q) = Faa(0) = 1.
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15 Form factors

Form factors as encountered in the previous section are defined as the Fourier transform of a density,

= /d37° exp(iq-r)p(r). (129)
As before in discussing the potential in momentum space, one has for a spherically symmetric density,
47T .
F(q) = dr r p(r) sin(gr). (130)
q
For a spherical distributions it is trivial to find by expanding the exponential exp(iq-r) =1+ iq-r -
1(g-r)*+..., that
1
F(q):Q—6q2(7“2)+..., (131)

where
Q= / d3r p(r (132)
(r*) = /d“r 2 p(r). (133)

This is the reason that the small-g behavior of a form factor can be used to determine the charge radius
of an atom or similarly of elementary particles, like pions or nucleons.
Some examples of form factors corresponding to specific densities are:

e A uniform density
p(r) = po forx <R (134)

(and zero elsewhere). If pg = 3/4wa?, i.e. the integrated density is one, the Fourier transform is
given in terms of the Bessel function ji,

3J1(¢R)
F(q) = —— 135
(o) = =82, (135)
where )
sinz  cosx
j = - . 136
i) = 5 - (136)
Note that 31(2) )
1z
~1—— 1
. 10:0 +. (137)
and, indeed, the charge radius of a uniform distribution is (r?) = % R%.
e A (normalized) Yukawa distribution
i 138
o) =& (138)
has as form factor
5 1
F(q) (139)

- q2+/1/2 - 1+q2/u2’
which is called a monopole form factor. We have encountered this example already in a previous
section where we derived the momentum space screened Coulomb potential.

e The form factor of the exponential distribution

p(r) = —e ", (140)
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is simply found by differentiation of the Yukawa form factor with respect to p,

L R
du r

1

This gives

F(q) = ———3, (141)
(1+¢2/u2)?
which is called a dipole form factor.
e Finally a normalized Gaussian distribution
p(r) =poe s/ (142)
has also a Gaussian form factor T
Fg)=e 271, (143)
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16 Scattering solutions
Mandl, chapter 11

In this section we will attack the scattering of a potential in a different way, namely by solving the
Schrédinger equation. The time-independent Schrodinger equation can be rewritten as

(V2 + k%) o(r) = =5 V() o(r), (144)

where E = h2k2 /2m. This is a linear equation of which the righthandside is referred to as source term.
There is a whole family of solutions of such an equation. Given a solution of the above inhomogeneous
equation, one can obtain all solutions by adding any of the possible solutions of the homogeneous equation,

(V2 + k%) Ypom(r) = 0. (145)
The solutions of the homogeneous equation are well-known, namely the plane waves,
ou(r) = explik - ), (146)

characterized by a wave vector k.
Another systematic way of obtaining the solutions of the homogeneous equation is by considering the

radial Schrodinger equation, i.e. writing
u(r
vy = "Dy, ), (147)

the radial wave function u(r) satisfies for the homogeneous equation

(% + @ + k32) u(r) = 0. (148)

There are two type of solutions of this equation

e Regular solutions: spherical Bessel functions of the first kind: u(r) = kr je(kr).
Properties:

.70(2) = )

. 1d
je(z) = 2 (ZE
200 sin(z — 4w /2)

—

e Irregular solutions: spherical Bessel functions of the second kind: wu(r) = krng(kr).

Properties:
cos z
no(z) = — —
¢
1d cos z —0
_ ‘ z —(¢+1)
ne(z) = —z"(—=— z
o) (-37) == = ,
200 7cos(zf£7r/2).
z

Equivalently one can use linear combinations, known as Hankel functions,
kr hél)(kzr) = kr (je(kr) +ing(kr)) =3 (—i)Hletkr

kr hf)(kr) = kr (je(kr) — ing(kr)) 200 (i)é+1 o—ikr
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A specific example of an expansion into these spherical solutions, is the expansion of the plane wave,
exp(ik ) =" = 0 =N (204 1) " ji(kr) Pu(cos0), (149)
=0

where the Legendre polynomials P, can be also expressed in Y,

47
2041

Py(cos0) = Y. (6).
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17 Asymptotic solution

In order to construct solutions of the Schrodinger equation that describe a scattering process, one wants
the appropriate asymptotic behavior, which includes a plane wave part, describing the incoming part and
outgoing spherical waves, describing the scattering part, pictorially represented below

We thus require the following asymptotic form,

ikr

v(r) =X explik-r) + — (K6, ). (150)

We have seen in the previous chapter that for r — oo, this is a solution of the homogeneous equation.

It can also simply be checked that the above represents a solution if r — oo, by inserting it into
the homogeneous equation. In order to select the leading part for large r one needs to use that

Vi(k;0,0) x 1/r and V2 f(k;0, ) o< 1/r2.
For the asymptotic solution the current corresponding to the first part is given by

. hk
Jan = (151)

while the second part up to O(1/r) corresponds with a radially outward directed flux of magnitude

.7'7«:—%[1#*%%(%&*) 24 RGN 152)
From it, one derives the cross section using that
[Jin| do (6, ¢) = n(0, ¢) dQ = jr r* dQ, (153)
ie.
= 1f:6.9) (154)

The above considerations require a careful analysis of the forward direction (f = 0), where the inter-
ference term becomes important. For an acceptable asymptotic scattering solution one must have that
J d jr|r=r = 0 for large R, i.e. that there is no loss of probability. This leads to the optical theorem or
Bohr-Peierls-Placzek relation,

k
Im fe(0=0)= i (155)

where or is the total cross section and f.; is the scattering amplitude for elastic scattering.
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In order to derive this result, one can just consider the full current. Keeping only the dominant
contributions when r — oo, this is given by

2 ikr(l1—cos0)
Jr = @{COSH-F % + Re [(1 + cos6) A f] }
m r

r

Integrating over the polar angle (writing cos @ = X) gives for the interference term:

1 eikr(1=X)
Re/ dX (14 X) ————f

1
:Re/1 d (¢Fr1-) A+X)f

) —i kr?
o (2f(k0=0) R
_Re( Ry ) QRe[ldX s T [+ X))
_ 2Im f(k;0 =0) 1
- kr2 +0 (r3> '

The interference term thus actually only contributes at forward angles if r — oco. Neglecting any
contribution disappearing faster than 1/72 the integral over the angles gives

/dﬂ Jr

yielding the optical theorem. In fact the result is only derived if the total cross section is given by the
integration over |f|?, but it should be clear that flux conservation needs only to hold if we integrate
over elastic and inelastic channels, while the interference only occurs for the elastic channel. We will
encounter the result again in the section on partial wave expansions.

1 2 4r 0 _
— | [ a2 - 2 pt0=0)|.

r=R
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18 The integral equation for the scattering amplitude

In order to solve the inhomogeneous equation with which we started, we solve the Green’s function
equation
(V2 +K2) G(r, ') = —53(r — 7). (156)

With the help of the Green’s function an inhomogeneous solution for
(V2 + ) o(r) = p(r),
can be written down, namely
vy == [ @ G o).

By choosing an ’appropriate’ Green’s function one can built in boundary conditions. Note that the
difference between any two Green’s function is a solution of the homogeneous equation.

It is not difficult to check that two particular Green’s functions in our case are

_exp (Fik|r — 7))

G —r) = A |r — 7|

(157)

In particular G(*) has the correct asymptotic behavior as discussed in the previous section. As an ezact
solution valid for all r, we can write

(r) = exp(ik - 7) —

/dBT’/ exXp (:l:’l,k|7° — ’I‘/|) V(T’)"L/)(T'/). (158)

m
21 h? |7 — 7]
This result is the desired integral representation of the inhomogenous Schréodinger equation, which has
the advantages that the boundary conditions for interpretation as a scattering solution have been built
in. It is therefore a good starting point for approximations

The result for f(k;0, ¢) is obtained by taking the limit for » — oo in the integral equation, in particular

!/

ror 2 r-r
|T—TI|:T\/1—2—2+T—2%7“|:1_ 2 +:|7

r
exp (iklr —7/|) _ e'kr

~

P exp (ik'-7')+...,

where k' = k#. This gives

ikr
v(r) = explik-r) — 67 277:;2 /d3r’ exp (=i Kk - 7)) V(r')b(r'). (159)
and thus the exact expression is
f(k;0,0) = ~3 77;12 /d?’r' exp (—ik - 7") V(r')p(r). (160)
T
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19 The Born approximation and beyond

The Born approximation is obtained by using perturbation methods, namely to approximate in the above
expression ¥ (r’') = exp (i k - '), yielding the result

F(ki6,0) = / & expliq-v) V(r'), (161)

o h?
where g = k — k’. This gives for the cross section the same result as we found using Fermi’s golden rule.
We can go beyond the first order result by introducing the scattering amplitude T'. It is defined by

Vip =T¢,

where 1 is the scattering solution and ¢ the incoming plane wave part of it. One then finds that the
integral equation, Vi = V¢ 4+ V GV turns into Tp = Vo + V G T, i.e. an equation for T,

T=V+VGT, (162)

the socalled Lippmann-Schwinger equation. Here G is the Green’s function with factor —2m/h?
absorbed, which is the inverse of E— Hy. The exact expression for the scattering amplitude f is thus
given by

f(k:8.6) =~ @/ |Tlp). (163)

The lowest order (Born approximation) result is the first term in the expansion obtained from Eq. 162,

T=V+VGV+VGEGVGV +....

To judge the validity of the Born approximation one requires that the scattering term in the wave function

is small, i.e.
3 , exp (tk|r —17'|)
/d 7"/ W V(’f‘l) 'l/}(’f'/)

m
27 h?

The disturbance of the plane wave is near r =~ 0, while for selfconsistency t(r) should be dominantly
plane wave, thus

< 1. (164)

o h?

7,.1

o h?
< ,
m

1
271'/ dX/dr' r! e B X ()
-1

/dr' (e% kr! 1) V(r')

We see two limits in which the Born approximation is applicable

h2k
<« — = ho.
m

e Weak potentials with a finite range.
Starting with the second of the above estimates, we see for a potential with average depth V5 and
range a one has after bringing the absolute value under the integral Vg a? < h? /m, i.e.

h2
WK a2 (165)

a condition where an approximately equal sign usually is already ok.

e High energies (but nonrelativistic!).
In the last of the three expressions the exponential is fast-varying for high momenta k£ and can be
neglected, so Vpa < h? k/m, i.e.

m Vg a?
h2

|7 2
ka> = hg a or E> (166)
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20 Identical particles

We already discussed how to treat the scattering of two particles in the center of mass frame. In the case
that one has two identical particles the scattering in the following two situations both leads to the same
final state,

p p
1L>—;;//_pg 20 . </;_p 1
A{ \/

Thus if ¥ is the wave function in which particle 1 is coming from the left and is scattered over an angle
0 and 191 is the wave function in which particle 1 is coming from the right and is scattered over an angle
T—20,
- ei kr
Via(r) = ' + £ (ki 0. 6) —. (167)

el kr

Yor(r) = e 7 4 f(kym — 0,0+ ) (168)

one has the same final state. One should use the appropriately symmetrized or antisymmetrized wave
functions, leading to (omitting ¢-dependence)

(6,6) 0 = 2% (ki 0) & £k m — O)f 49

In the cross section,

do - . . 2
E - |f(k,9):|:f(k’,’/T*9)|

|F(k; O)F + |f (ks 7w = 0)]° £ 2Re[f* (K; 0) f(k;m — )], (169)

the (third) interference term gives rise to oscillations. Note that in order to determine the total cross
section one has to integrate over the range 0 < § < 7/2 in order to avoid double counting. Note that the
cross sections at angles § and m — 0 are identical. For destructive interference (a minus sign) the cross
section is zero at 6 = 90 degrees.

For example in the (hypothetical) scattering process of two pions the amplitudes interfere construc-
tively as pions are bosons (spin 0 particles) and the wave function must be symmetric. When scattering
two electrons (spin 1/2 particles) off each other the total wave function is antisymmetric, but the sym-
metry of the scattering solution depends on the spin state. In the spin 0 state (singlet) the spin wave
function is antisymmetric, while in the spin 1 state (triplet) the spin wave function is symmetric. Hence

d(rs

|fs( )+fs(7r79)|27 (170)
= |£:(0) = fi(m = ), (171)

dO’t

If one scatters unpolarized electrons, the initial state has a probability 1/4 to be in the singlet state, 3/4
to be in the triplet state, thus for a spin-independent potential

d 1ldos 3d "
o1 a0 T g = O | f (k= ) — Relf(k:6) £ (kim —6)]. (172)
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21 Partial wave expansion

At low energies a particle scattering off a target with impact parameter b has an angular momentum

h/I(l+1) = pb,

If the potential has a finite range a the angular momenta that are important correspond to b < a. From
this we obtain Af < pa = hka or £ < ka. Therefore it is especially at low energies convenient to expand
into different partial waves, eigenstates of angular momentum, because the lower partial waves dominate.
Also for central potentials, which satisfy [L, V(r)] = 0, it is useful to expand in partial waves, since each
angular momentum state in that case is a proper scattering solution.

Starting off with the plane wave, we have

et = Z(% + 1) 4 jg(kr) Py(cos ). (173)
¢

As already mentioned it only contains the ¢-independent spherical harmonics, namely Y2 (0) = /(2¢ + 1) /47 Py(cos ).
Assuming azimuthal symmetry the scattering amplitude only depends on # and also can be expanded in
Legendre polynomials,

Fk;0) = (20 +1) fo(k) Py(cost). (174)
¢
Thus one obtains
r—00 Y ¢ ei kr
bse(r)  "=F Y (204 1) Po(cos0) i [je(lﬂ") + (=) fe(k) |- (175)
[
2
Rewriting the scattering wave in the following way,
: ikr
© — sin(kr —€r/2) e
©) ST (i) S k)
1 e—i(kr—ZW/Q) ei(kr—ZW/Q) 14 % kflk 176
= m - r + r ( + 21 f@( )) ) ( )

Conservation of flux tells us that the incoming and outgoing fluxes should be equal in magnitude, i.e.
14 2ikfo(k) = 20K (177)

where dy(k) is called the phase shift. Going back and expressing f;(k) in the phase shift it is easy to see

that
e2i0ek) _ 1 ei0e(k) gin 5, (k)

fulh) = 5 = (178)

and .
o 82 (k) sin(kr — 0w /2 + 64(k))

kr

Q) =% (179)
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22 Cross sections and partial waves

At this point it is useful to slightly generalize the result of the previous section. If also inelastic scattering
is possible a particular ¢-wave amplitude is parametrized

1+ 2i kfo(k) = ng e ), (180)
where 7, is called the elasticity. One then has for the elastic cross section
doe

o = 0P =dr Y QO+ 120 +1) folk) for (k) Y2 (0) YI(6)- (181)
0,0

Integrating over angles the orthonormality of the Y;™’s can be used to get
4 .
oo = 13 > (2C+ 1) sin® 5y(k) (182)
¢

Via the optical theorem, which relates the forward scattering amplitude to the total cross section one

finds
2

O'T:ﬁ

(204 1) (1 — ne cos26g), (183)
¢

which indeed is identical for purely elastic scattering (n, = 1). The difference is the inelastic cross section,

Tinel = % S @e+1)(1 ) (184)
4
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23 Calculating the phase shift from the potential

The easiest illustration of the calculation of the phase shift is the calculation for a square well, V(r) = Vp

for r < a and zero elsewhere. We immediately know that for » > a the solution must be the asymptotic

solution. Inside the square well we use the radial Schrodinger equation to get the radial wave function

u(r). Thus for

we(r)
r

Wm(?“) =

Y0, 9), (185)

we have
RN (ES)

2m dr? r2

+ V(?“)} up(r) = Eug(r). (186)

Knowing that u,(0) = 0 we obtain for s-waves (¢ = 0)

2
r<a u(r) =AsinKr with K = ]‘l—ZPL(E—VO)7
. . 2m
r>a u(r) = B sin(kr 4+ do) with k = 7T E,
Matching the logarithmic derivative (du/dr)/u(r) at r = a gives
k
tan(ka + &g) = I tan Ka (187)

or

k. _
tan 8o (k) _ 7 tan Ka —tanka (188)
1+ % tan Ka tan ka

tan Ka
<y ha [—Ka2 - 11(] | (189)
1 + (k’a) “Ka
Ka<1 tan Ka K243
k -1 ~ k 190
S ka2 ] (190)

For low energies, where s-waves are the dominant contribution, the above result and its limits can be
used to understand many qualitative features in the cross section, e.g. the disappearance of the cross
section at specific energies, because of a zero in 1 — tan Ka/Ka (the Ramsauer-Townsend effect) or the
behavior of the cross section near threshold for weak potentials. The first two coefficients of the phase
shift in an expansion in the momentum,

50(k):a0k+%rek2+..., (191)

have specific names, namely scattering length and effective range, respectively.
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